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ABSTRACT: Exploring potential energy surfaces (PES) is essential for
unraveling the underlying mechanisms of chemical reactions and
material properties. While the activation-relaxation technique (ARTn)
is a state-of-the-art method for identifying saddle points on PES, it
often faces challenges in complex energy landscapes, especially on
surfaces. In this study, we introduce iso-ARTn, an enhanced ARTn
method that incorporates constraints on an orthogonal hyperplane and
employs an adaptive active volume. By leveraging a neural network
potential (NNP) to conduct an exhaustive saddle point search on the
Pt(111) surface with 0.3 monolayers of surface oxygen coverage, iso-
ARTn achieves a success rate that is 8.2% higher than the original
ARTn, with 40% fewer force calls. Moreover, this method effectively
finds various saddle points without compromising the success rate.
Combined with kinetic Monte Carlo simulations for event table construction, iso-ARTn with NNP demonstrates the capability to
reveal structures consistent with experimental observations. This work signifies a substantial advancement in the investigation of
PES, enhancing both the efficiency and breadth of saddle point searches.

1. INTRODUCTION
Chemical processes at surfaces, such as catalysis, corrosion, and
thin-film growth, lie at the heart of materials science and
engineering. They consist of diverse surface reactions such as
adsorption, dissociation, association, diffusion, and desorp-
tion.1−3 In explaining and predicting the outcomes of processes
theoretically, a mechanistic model is indispensable, which lays
out the sequence of reactions and intermediates as reactants
are transformed into products. Building such a model, in turn,
requires computational machinery that can identify possible
surface reactions or intermediates from the given surface state.
The most straightforward approach would be to follow the
process through molecular dynamics (MD) simulations, which
produce atomic trajectories according to Newton’s laws of
motion under the given Hamiltonian. However, many chemical
reactions occur over time scales far longer than nanoseconds,
which are the maximum time span for typical MD simulations;
thus, MD has inherent limitations in directly observing
chemical reactions.4 In bulk systems, one can accelerate the
dynamics by increasing the temperature,5 but this approach
can overly promote evaporation in surface simulations due to
entropic effects.
Another, more widely practiced approach is to identify

elementary surface reactions individually, which consist of the
initial state (IS), transition state (TS), and final state (FS), to
understand the surface process as a Markovian reaction chain.6

Here, two distinct methods exist depending on how the
reaction pathway is explored. The “FS-first” method attempts

to locate subsequent surface states or intermediates first that
can be reached from the given IS through a one-step reaction.
In many cases, plausible states are selected by human
intuition,7,8 but graph-based methods9−11 and stochastic
potential energy surface (PES) walker12 have been also
developed for systematic and automated identification. Once
the FS is known, double-ended approaches such as nudged
elastic-band method13 and string method14,15 efficiently find
the minimum energy pathway including the TS. However, the
FS-first methods have been mostly applied to molecular
reactions on the surface where possible bond pairs are limited
and can be reasonably guessed by established chemistry. For
more complicated processes such as surface oxidation where
atoms are collectively bonded and multiple reaction pathways
exist,16,17 the FS-first approach can miss unexpected products
or pathways.
On the other hand, in the “TS-first” method, the TS

connected to the given IS is searched for first by driving the
PES explorer from the harmonic basin toward a first-order
saddle point that has only one negative eigenvalue in the
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Hessian matrix. Once the TS is identified, the FS can be
obtained by relaxing the TS along the negative eigenmode,
away from the IS, provided that post-TS bifurcations are
absent.18 The TS-first method has been successfully applied to
various surface reactions, including atomic layer deposition of
TiN on Cu(111) and Si(100),19,20 the decomposition of
HCOO and CH3OH on the Cu(111) and (110),21,22 adatom
diffusion on Al and Fe surfaces,23,24 and vacancy diffusion on
anatase (101) surface.25 Among the various TS-first
approaches,26−29 minimum-mode following methods such as
the dimer method23 and activation-relaxation technique
nouveau (ARTn)30−32 have been tailored to identify TS in
complex and high-dimensional systems such as condensed
phases with manageable computational costs.33 The dimer
method adjusts two images to align with the minimum
eigenmode of the Hessian matrix, while ARTn employs the
Lanczos algorithm.34 Without presuming the nature of the
products, the dimer method and ARTn are also efficient for
generating a fully connected PES with multiple saddle points.
This is particularly useful for on-the-fly kinetic Monte Carlo
(kMC) methods, in which the event table is updated after each
kMC step.35,36 However, heavy computational loads in locating
the TS limit the application system when the PES is evaluated
by ab initio methods such as density functional theory (DFT).
On the surface, the under-coordinated atoms can move

more freely than in the bulk system, where atomic positions are
strongly restricted by surrounding atoms within deep harmonic
basins. This generates many soft modes and makes the PES
complex with numerous shallow basins. Such PES character-
istic poses significant challenges to the TS-searching algorithm.
For instance, while searching for saddle points from the
minimum state, the algorithm is prone to falling into adjacent
irrelevant basins, resulting in the identification of disconnected
saddle points. As will be shown in this study, we find that the
state-of-the-art TS-searching methods are less efficient in
dealing with surface reactions with complex PES compared to
typical bulk systems, which motivates us to develop a modified
ARTn tailored for surface reactions. Additionally, we aim to
develop a TS-searching method capable of identifying
elementary reactions across the entire surface, rather than
focusing solely on isolated reactions around specific sites. We
achieve this goal by introducing two improvements: First, we
suggest a new algorithm dubbed iso-ARTn, which effectively
prevents the PES explorer from drifting to disconnected saddle
points or returning to the IS. Second, we introduce an adaptive
active volume that progressively expands its size, a feature
necessary when reactions are densely distributed across a large
area.

We showcase the efficiency of our scheme with a 1.9 × 2.2
nm2 Pt(111) surface with 0.3 monolayers of surface O
coverage, a configuration appearing in the initial oxidation
stage of the Pt surface. During this oxidation process, adsorbed
O atoms diffuse across the surface and penetrate the
subsurface, while Pt atoms are displaced from their lattice
positions through a Pt-buckling mechanism.17 This displace-
ment leads to the formation of a planar Pt−O structure and
creates space for further oxygen penetration.37 These steps
may result in significant surface reconstruction, leading to a
phase transition from Pt to PtO2. This complex oxidation
mechanism serves as an ideal test case for evaluating the
performance of iso-ARTn. It is also crucial for the durability of
electrocatalysts in fuel cells38 and for the reactivity of
heterocatalysts in CO oxidation.39 To accelerate the
computation, we employ a Behler−Parrinello neural network
potential (NNP)40 that is trained on DFT reference data.
The rest of the paper is organized as follows: Section 2

introduces the ARTn and its variations, including iso-ARTn,
and explains the adaptive active volume. In Section 3, we
discuss the results of this work, including the validation of the
trained NNP and the performance evaluation of iso-ARTn.
Finally, Section 4 concludes the paper.

2. THEORY AND ALGORITHM
2.1. Original ARTn. In this subsection, we briefly overview

the original framework of ARTn and one recent algorithmic
improvement. Initially, the system lies at a local minimum with
the collective coordinate r equal to r0. The initial push
direction e( )ini is provided by the user or generated randomly.
By varying eini, one can obtain diverse saddle points connected
to the IS. To reach the first-order saddle points where only one
eigenvalue is negative, ARTn undergoes a series of activation
and orthogonal relaxation (see Figure 1). First, the minimum
eigenvalue (λ) of the Hessian matrix is calculated together with
its corresponding eigenvector e( )min using the Lanczos
method,34 which allows for obtaining emin without evaluating
the full Hessian matrix. By convention, emin is directed toward
higher energy. In the activation step, the system is pushed
along the direction e( ) defined as follows

l
moo
noo

=
>

e
e

e

if 0

if 0
ini

min (1)

That is to say, the system is pushed along eini within the
harmonic basin while it follows emin outside the basin. For

Figure 1. Schematic comparison of various ARTn methods. In (a−c), solid lines represent the original, smooth-, and iso-ARTn trajectories,
respectively, while dashed lines serve as guidelines. The shaded area means that λ is positive.
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rapid convergence to TS, the step size during the activation
(Δr) is adaptively set41
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where Δrmax is a user-defined maximum step size, and F∥ is the
component of collective atomic force vector (F) parallel to e,
i.e., = ·F F e e( ) . Thus, the system moves from the current
position r to r + Δre.
After each activation step, the system is relaxed in energy

within the hyperplane orthogonal to e, resulting in a downward
shift in the PES. Within the harmonic basin, the relaxation step
helps find TS with low activation energies whereas it enables
the PES explorer to approach TS outside the basin. During
relaxation, the conjugate gradient (CG) method can be
employed utilizing orthogonal atomic forces (F⊥ = F − F∥)
to e.42,43 The number of CG steps varies depending on the
sign of λ: the system undergoes a fixed number of CG steps
when λ > 0, but for λ < 0, the relaxation continues until |F⊥| < |
F∥|. The activation-relaxation procedure is repeated until λ < 0
and |F| is smaller than a predefined tolerance (ϵ), which
signifies that the system arrives at the first-order saddle point.
The original ARTn modifies e discontinuously as λ changes

sign (see eq 1). Such abrupt transition can inadvertently direct
the system back into the harmonic basin during the ensuing
relaxation step, requiring further iterations to reach connected
saddle points or even leading to convergence to irrelevant
ones. In ref 32, this problem was addressed by introducing a
mixing function that gradually alters e from eini to emin in the
activation step (called smooth-ARTn in this study) when λ
becomes negative

= +e e e(1 ) ini min (3)

where η denotes the mixing coefficient which increases from 0
to 1 over a certain number of iterations. For the interstitial
defects in the Si bulk crystal, the smooth-ARTn increased the
success rate from 33 to 87%.32

The smooth-ARTn approach postpones alignment with emin
for a few steps after the system escapes from the harmonic
basin. However, in the presence of many shallow basins, as in
surface reactions, such a gradual change in e can easily lead the
system to traverse the boundary of the initial basin, converging
to disconnected saddle points.
2.2. Iso-ARTn. In the above, we pointed out weaknesses in

original and smooth-ARTn. To address these, we introduce a
new variant of ARTn referred to as iso-ARTn. The iso-ARTn
follows the original ARTn except for the hyperplane on which
the system is relaxed. In the original scheme, the hyperplane is
orthogonal only to e. In the iso-ARTn, the hyperplane is
additionally conditioned to be orthogonal to the displacement
vector d from the IS to the current position (d = r − r0). This
constraint in relaxation is easily imposed by adjusting the
orthogonal atomic forces used in CG as follows

= · = · ·F F F d d F F e e F d d( ) ( ) ( ) (4)

where = ·d d d e e( ) . Eq 4 also defines =F F F . Since
the system is relaxed while being orthogonal to d ( · =F d 0),
the Euclidean distance from the original position r0 is
preserved in the limit of small relaxation step size. This

prevents the PES explorer from relaxing back to the IS, which
is the drawback of the original ARTn. On the other hand, e
instantly changes from eini to emin as soon as the system
escapes from the basin, which prevents the system from
drifting to disconnected saddle point. The additional
orthogonal condition to the displacement vector is lifted
near saddle points.
Figure 1 illustrates a schematic comparison of original

ARTn, smooth-ARTn, and iso-ARTn. In Figure 1a, the original
ARTn may return to the initial harmonic basin (the shaded
areas) due to a sudden change in e (as depicted by the arrows
changing from blue to green), which requires the system to
climb out of the harmonic basin again. Smooth-ARTn in
Figure 1b changes e progressively, which can lead to crossing
the boundary of the initial basin and, consequently, to
disconnected saddle points. Iso-ARTn in Figure 1c prevents
the system from either returning to the harmonic basin or
crossing the boundary by maintaining the distance from the IS.
2.3. Adaptive Active Volume. Because chemical

reactions occur within localized areas, the dimensions of the
search space can be reduced by introducing an active volume.44

Within this volume, atoms are permitted to move during the
search for the saddle point, while atoms outside this volume
remain fixed. Employing the active volume can significantly
reduce the computational cost by either skipping force
calculations for fixed atoms or excluding the atoms that are
far from the active volume entirely, where the influence of
displaced atoms is negligible. Furthermore, the reduction in
degrees of freedom leads to a smaller Hessian matrix, which
accelerates the convergence to saddle points in the more
focused search space. This is particularly useful when the
model dimensions are much larger than the typical reaction
radius (≲ 6 Å). The radius of the active volume should be large
enough so that the effect of the reaction is negligible outside
the boundary of the active volume. It can also be dynamically
reduced during the saddle point search since typically only a
small group of atoms are displaced at the saddle points.45

In most previous applications employing the active volume,
it was sufficient to define a fixed active volume specifically
centered around defects or adsorbates where atoms are likely
to move because these sites were typically isolated due to their
low density, making it easier to focus the active volume on a
single and well-defined region. However, in surface oxidation,
as demonstrated in the present study, the reaction centers are
more densely distributed across the surface due to the
adsorption of many oxygen atoms, meaning that reactions
can occur not just at the center of the active volume but also
near its boundaries. To consider this, we suggest an adaptive
active volume in which the active volume expands by tracing
the reaction center. It first starts with an initial active volume
(V0) that is a sphere centered on a specific atom. After a few
steps of ARTn, the i-th atom with the maximum displacement
from r0 is identified, and the active volume is iteratively
updated as follows

= =+V V S k( 0, 1, 2, ...)k k i1 (5)

where Si is the sphere with a certain radius centered at the i-th
atom. The radius of Si can be adjusted, provided that the
energy of the saddle point converges within acceptable limits,44

as interactions with atoms outside active volume are still
considered in force calculation. The adaptive active volume
updates its size by including the new active volume centered
on the atom that has undergone the maximum displacement
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from the IS. Once the system converges to a saddle point
within the given adaptive volume, the TS search proceeds
using the full-dimensional PES to guarantee the fidelity of the
saddle point. Since the adaptive active volume increases the
number of moving atoms, the computational cost inevitably
increases. However, the final number of atoms is usually 2−3
times the original number, and the increase in the computa-
tional time is moderate.
Figure 2 shows the basic flowchart of the current method

combining iso-ARTn and adaptive active volume.

2.4. Computational Package. We have developed the
SHERPA (Saddle points Hunting based on Energy surface for
Reaction PAthways) package, which implements previously
discussed algorithms (original, smooth-, and iso-ARTn, and
adaptive active volume). The package also features the dimer
method and its variant.23,46 SHERPA directly interfaces with
two simulation tools, VASP47,48 and LAMMPS,49 to obtain the
energies and forces from configurations. Additionally,
SHERPA can interact with other simulators through the
Python-based ASE package,50 providing a flexible interface for
various simulation platforms.

3. RESULTS AND DISCUSSION
In this section, to compare various ARTn methods in a
practical application, we consider a 5-layer 8 × 8 Pt(111) slab
covered with 0.3 monolayers of O adatoms (Figure 3). This
represents the initial stage of the platinum oxidation process,
where the O atoms cover the Pt surface up to half monolayers
under a voltage range of 0.85−1.15 V with respect to the
reference hydrogen electrode.51 Using ARTn, we identify
saddle points from the given structure and compare the
outcomes. To enable diverse surface reactions, the O atoms are
randomly distributed on both FCC and HCP sites, although

FCC sites are more stable than HCP sites by 0.43 eV. For an
extensive test, we employ the NNP in Section 3.1. The
computational results are compared in Section 3.2 with further
analysis in Section 3.3. In Section 3.4, we investigate whether
all the low-lying saddle points are detected by iso-ARTn. In
Section 3.5, we conduct an on-the-fly kMC simulation on Pt-
oxidation process using iso-ARTn.
3.1. Neural Network Potential. To train NNP for

simulating Pt−O system in Figure 3, we prepare the DFT
training set designed to cover diverse local motifs that may
appear during the initial oxidation of the Pt(111) surface. For
the general guidance of training-set preparation, we refer to a
recent publication.52 The reference DFT calculations are
performed using VASP47,48 with projector-augmented wave
pseudopotentials.53 We apply the Perdew−Burke−Ernzerhof
functional54 for calculating the exchange−correlation energy of
electrons. The energy cutoff for the plane-wave basis set is set
to 450 eV, and the spacing of k-points grid is smaller than
0.314 Å−1. These settings satisfy convergence criteria of 10
meV/atom and 0.1 eV/Å for energy and force, respectively.
First, we sample local environments of stable and metastable

Pt−O crystals, including Pt (Fm3̅m), PtO (P42/mmc), Pt3O4
(Pm3̅m), α-PtO2 (P63mc), and β-PtO2 (Pnnm), through
uniaxial, hydrostatic, and shear lattice distortion within
±10% and a constant volume (NVT) MD trajectory at 600
K for 3 ps using the Nose−́Hoover thermostat.55 The energy−
distance curve of O2 molecule is also included. Additional
crystal motifs56 and disordered configurations are sampled
through melt-quench NVT MD trajectories at the Pt/O
composition of 2:1. Starting with the configuration premelted
at 4000 K, it is melted at 2000 K for 5 ps, and quenched to
1000 K for 10 ps. The initial and final structures for the MD
simulations are shown in Figure S1. In a similar vein, the
relaxation trajectories of the Pt(111) surface with randomly
distributed O atoms are included to account for various local
environments of the oxidized surface. In addition, the following
static structures are augmented by perturbing atoms from
equilibrium: a Pt(111) surface covered with various O
coverage from 0 to 1 monolayer at the FCC sites,57 a
Pt(111) surface with a single adsorbed O atom at specific
surface and subsurface sites,58 and a monolayer-oxidized
Pt(111) surface with α and β-PtO2.

59 The spin-polarization
is considered only for O2 molecules, monolayer-oxidized
Pt(111) surface, melt-quench MD trajectories, and relaxation

Figure 2. Flowchart of the ARTn used in this work. r and r0 denote
the position vector and the initial position vector, respectively. λ
stands for the minimum eigenvalue of the Hessian matrix. F
represents the atomic force vector, and ϵ is the threshold for force
convergence. Δr and e correspond to the step size and unit vector
along the push direction, respectively. The iso-ARTn and adaptive
active volume developed in the present work are shown in the dashed
box.

Figure 3. Top view of the model system for testing various ARTn
methods. The silver atoms stand for the Pt atom, while the red and
blue atoms represent O atoms at FCC and HCP sites, respectively.
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paths of Pt(111) surface with randomly distributed O atoms.
In total, the data set consists of 7149 configurations with
402,515 training points (see Table S1).
The Behler−Parrinello-type NNP40 is trained using the

SIMPLE-NN package.60 Atom-centered symmetry functions
encode the local environments within a 6 Å radius.61 The
radial and angular parts consist of 16 and 54 features,
respectively. To enhance convergence in training, the input
features are decorrelated via principal component analysis and
whitening.62,63 The NNP comprises two 30-node fully
connected hidden layers, yielding a 70-30-30-1 structure. We
divide the total data set into training and validation sets at a
9:1 ratio. As a result of training, the NNP achieves root-mean-
squared errors of 7 meV/atom for energy and 0.22 eV/Å for
forces on the validation set, respectively (see Figure S2).
To further validate the trained NNP, we compare results

from DFT and NNP for a series of representative
configurations and reactions for O atoms on the Pt(111)
surface. Figure 4a shows the 2 × 2 cell of Pt(111) surface, and
three symmetric adsorption sites for oxygen (FCC, HCP, and
TOP) are noted. Figure 4b illustrates the PES of an O atom
over the irreducible area of the Pt(111) surface (red shade in
Figure 4a), which is obtained by relaxing the z-position for the
given xy position, and referencing it to that of the FCC site.
For NNP, the energies at the HCP and TOP sites are 0.21 and
1.24 eV, respectively; for DFT, these are 0.32 and 1.21 eV.
Notably, the NNP indicates a slightly higher stability (by 0.11
eV) at the HCP site compared to DFT, yet the overall stability
order among sites is similar between NNP and DFT.
In Figure 4c, we explore the energy profile as the O2

molecule dissociatively adsorbs onto the surface.64 The
reference energy is defined as the sum of the energies of the
pristine Pt(111) surface and the isolated O2 molecule (Pt +
O2). It is seen that the energy profile from NNP is close to that
of DFT throughout the adsorption pathway, with an error
within 0.1 eV, except for the TOP−FCC configuration, which
shows a deviation of 0.3 eV. This discrepancy may be due to

the under-sampling of the unstable TOP site configurations in
the training data.
In Figure 4d, we examine the minimum energy paths for out-

of-plane reactions, specifically the subsurface diffusion of an O
atom at the HCP sites and the buckling reactions of the Pt
atoms, using the nudged elastic band method.13 During the
buckling reaction, a surface Pt atom with sufficient adsorbed
oxygen atoms is lifted from the lattice site to approximately the
height of adsorbed oxygen atoms, shaping a Pt−O planar
structure and generating a vacancy beneath.37 The energies of
the IS serve as a reference. These reactions are crucial for
understanding the initial stages of Pt surface oxidation.57 Due
to the extensive collective motions involved, the calculations
are performed on 3 × 3 surface unit cells. The NNP accurately
captures the minimum energy paths of these processes with an
error margin of less than 0.2 eV. Notably, our training set does
not explicitly include these diffusion trajectories, underscoring
the reliability of NNP as a surrogate for DFT in saddle point
searches on the oxidized Pt(111) surface.
Unlike manually generated reactions from previous

validations, unexpected reactions can also be identified during
saddle point search using NNP. To enhance the reliability of
these NNP-predicted pathways and improve the accuracy of
the NNP on-the-fly, a hybrid approach where DFT is
employed to verify key reaction pathways would be beneficial.
To efficiently select reactions for DFT validation, techniques
such as uncertainty quantification65 or clustering-based
sampling66 could be used.
3.2. Performance Comparison of ARTn Methods.

Utilizing the NNP trained in the above, we attempt to find
the saddle points connected to the model system in Figure 3
employing original, smooth-, and iso-ARTn methods. In total,
5000 runs are independently performed to identify saddle
points. Each run first generates the initial active volume V0
defined as a sphere with a radius of 6 Å, centered at a randomly
selected surface atom. The randomly generated push vector eini
is assigned to the atoms within V0. Then, three types of ARTn
methods are applied to the identical initial condition, and

Figure 4. NNP validation on the Pt(111) surface. (a) Adsorption sites of an O atom on a 2 × 2 Pt(111) surface. The red semitransparent triangle
denotes the irreducible part of the Pt(111) surface, whose PES is compared between DFT and NNP in (b). (c) Energy profiles of DFT and NNP
for the dissociative adsorption path of an O2 molecule. (d) Minimum energy paths for subsurface diffusion of the O atom from the HCP sites and
the buckling reaction of the Pt atom. The silver, navy blue, and red atoms represent Pt, buckled Pt, and O atoms, respectively.
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terminated if the number of iterations exceeds 500 or the
system converges to a saddle point. The active volume is
updated adaptively as described in Section 2.3 (its effect is
analyzed at the end of this subsection.) The convergence
criteria (ϵ) for the magnitude of the force vector at the saddle
point is set to 0.01 eV/Å. The maximum step size (Δrmax) for
the activation step is set to 0.1 Å. Below the inflection
hyperplane, the orthogonal relaxation is conducted for one
step. For smooth-ARTn, the mixing coefficient (η) linearly
increases from 0 to 1 over three ARTn iterations as λ changes
from positive to negative (see eq 3). Iso-ARTn applies the
constraint on the hyperplane until λ remains negative for three
consecutive ARTn iterations.
We evaluate the performance of each method based on three

metrics: success rate, diversity, and computational cost. The
success rate measures the probability that the method identifies
relevant saddle points. For this purpose, we classify the search
results into three categories: connected, disconnected, and
unconverged. In a connected case, the method successfully
identifies a relevant saddle point along the minimum energy
path connecting the IS and FS. In a disconnected case, the
method finds a saddle point unrelated to the IS, i.e., a small
push along emin does not return to the starting harmonic basin.
In an unconverged case, the method fails to identify any saddle
point within 500 iterations. On the other hand, to assess
diversity in identified saddle points, we count the number of
unique saddle points (nTS). We also enumerate those with
barrier energies lower than 1.3 eV as nTS, which are the main
events under normal conditions. Two saddle points are
considered identical if all atomic coordinates in their
configurations overlap within a tolerance of 0.4 Å. We employ
a relatively large tolerance because the saddle point usually has
a smaller curvature than the local minimum, so even when
converged under the same force tolerance, there is a larger
positional deviation. Lastly, the computational cost can be well
measured by the number of force calls since the force
evaluations in the activation, relaxation, and Lanczos method,
take most of the computational time.
Table 1 summarizes the performances of the three ARTn

methods. Original ARTn achieves a connected case rate of
79.5%, with disconnected and unconverged cases at 11.0 and
9.5%, respectively. Among connected cases, only 221 saddle
points are unique (nTS), with 80 of them having a barrier
energy lower than 1.3 eV n( )TS . The average number of force
calls during 5000 saddle-point searches is 1647.8. Next,
smooth-ARTn shows a lower success rate of 56.9%, with
approximately four times more disconnected cases at 41.1%.
While nTS increases to 263, nTS decreases to 75. The average
number of force calls is slightly reduced to 1493.2. Lastly, iso-
ARTn attains the highest success rate of 87.7%, with
significantly fewer unconverged cases at 0.9%. Although nTS
from iso-ARTn is 244, fewer than 263 from smooth-ARTn, it

has the largest nTS of 82. Notably, the average number of force
calls is reduced significantly compared to the original and
smooth-ARTn methods.
In ref 33, a trade-off was found between the diversity of

saddle points and a high success rate. This is because active
movements toward various saddle points can cause the system
to traverse basin boundaries, often leading to disconnected
cases. This is also confirmed in Table 1 where smooth-ARTn
sacrifices its success rate to identify a broader variety of saddle
points (263), compared to 221 in the original ARTn. However,
iso-ARTn appears to defy this trade-off by achieving a higher
success rate while identifying a more diverse set of saddle
points (244), compared to the original ARTn. Furthermore,
when considering saddle points with barrier energies less than
1.3 eV, iso-ARTn outperforms smooth-ARTn in diversity.
To investigate the impact of the adaptive active volume, we

also conduct experiments using the original ARTn with a fixed
active volume, defined initially and not updated during the
saddle point searches. With this fixed active volume, the
success rate for connected cases drops from 79.5 to 76.6%.
Concurrently, the rates for disconnected and unconverged
cases increase from 11.0 and 9.5% to 13.1 and 10.3%,
respectively. Additionally, the diversity of identified saddle
points is adversely affected, with nTS n( )TS decreasing from
221(80) to 217(76). This degradation in both the success rate
and diversity with a fixed active volume highlights the
importance of adaptively updating active volume based on
the atomic displacement during saddle point searches. For a
visualization of the evolution of adaptive active volume during
saddle point search, refer to Supporting Video S1.
3.3. Analysis on the Performance. To understand

different success rates among the ARTn methods, we analyze
an exemplary case in which original, smooth-, and iso-ARTn
lead to unconverged, disconnected, and connected saddle
points, respectively. In the corresponding reaction, the O atom
at the HCP site moves to a nearby FCC site. In Figure 5, |d|,
the magnitude of the displacement from r0, is plotted as a
function of the ARTn step with the activation and orthogonal
relaxation steps. The degree of alignment between d and F⊥

(′) is
color-coded by |d̂·F̂⊥

(′)|. The gray-shaded areas mean the ARTn
methods have a negative λ in the corresponding steps.
As the system departs from the IS, |d| of all ARTn methods

increases until λ becomes negative, entering the inflection
hyperplane. For the original ARTn in Figure 5a, when λ turns
negative, F⊥ aligns antiparallel to d such that the system is
relaxed toward the IS during orthogonal relaxation as long as |
F⊥| < |F∥|. (We recall that ARTn does not update the minimum
mode during relaxation due to the high computational cost of
the Lanczos method.) Consequently, the original ARTn
repeats this cycle, leading to an unconverged case. In contrast,
smooth-ARTn in Figure 5b follows an identical trajectory to
the original ARTn until λ first becomes negative. However,

Table 1. Performance Comparison of the Original, Smooth-, and Iso-ARTn Methods with Adaptive Active Volume Across
5000 Saddle Point Searchesa

connected (%) disconnected (%) unconverged (%) nTS n( )TS ⟨f⟩
original ARTn 79.5 11.0 9.5 221 (80) 1647.8
smooth-ARTn 56.9 41.1 2.0 263 (75) 1493.2
iso-ARTn 87.7 11.4 0.9 244 (82) 961.9

anTS and nTS denote the total number of unique saddle points and the subset with barrier energies lower than 1.3 eV, respectively. ⟨f⟩ represents the
average number of force calls.
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above the inflection hyperplane, | · |d F is smaller than those of
the original ARTn because e smoothly changes from eini to
emin (see the circle). This prevents the system from returning
to the IS directly even after e fully transitions to emin. Although
the system avoids falling back into the IS, the mismatch
between e and emin in smooth-ARTn allows it to traverse the
basin boundary, eventually identifying a disconnected saddle
point.
Lastly, iso-ARTn Figure 5c reaches the inflection hyperplane

with approximately half d of the other methods because it
applies the constraint to the relaxation hyperplane even when λ
is positive. As the system escapes the harmonic basin, the
change in d is suppressed due to orthogonality between d and
F⊥′ (see eq 4). After the constraint on the hyperplane is lifted
after three ARTn iterations, the system successfully relaxes to
locate the saddle point within 200 steps. The additional
constraint in F⊥′ prevents the system from returning to the IS
or drifting to other basins. For the whole saddle point search
trajectories of three ARTn methods, refer to Supporting Video
S2.
Next, we examine in detail the number of force calls between

methods by dividing it according to the search results. In

Figure 6a, the numbers of force calls are well separated
between search results and also relatively consistent across the
methods. On average, while a connected case requires only
approximately 500 force calls, a disconnected case needs 2500
to be converged. An unconverged case consumes around 7500
force calls without identifying saddle points. Due to the distinct
number of force calls between results, even a small change in
the success rate significantly affects the average number of
force calls (see Figure 6b). In the original ARTn, while
unconverged cases account for only 9.5% of saddle point
searches, they increase the average number of force calls by
671.3. Even though a disconnected case in smooth-ARTn
constitutes a large portion of the number of force calls by
974.1, the average number of force calls is slightly decreased
compared to the original ARTn due to a lower ratio of an
unconverged case of 2.0%. The iso-ARTn achieves the smallest
number of force calls by reducing the ratio of unconverged
cases to 0.9%.
3.4. Completeness of Reactions Identified with Iso-

ARTn. In the previous subsections, we demonstrated the
efficiency of the iso-ARTn in terms of success rate, diversity,
and computational cost. One may further question whether
iso-ARTn can identify every possible reaction, a requirement
for on-the-fly kMC simulations. To address this, we conduct
10,000 saddle point searches with iso-ARTn under the same
conditions above and compare the resulting saddle points with
a reference event table.
The barrier energies and trial numbers of the identified

saddle points are presented in Figure 7. For duplicated saddle
points, we only show the first instance identified. The barrier
energy distribution of unique saddle points is shown on the
right side of Figure 7. The bimodal distribution of barrier
energies arises because only reactions involving Pt vacancy
formation require high energy to break bonds. We here focus
on the reactions with barrier energy below 1.3 eV (see the red
dashed line in Figure 7) for a practical purpose. The reactions
with barrier energy below 1.3 eV primarily involve O diffusion
and buckling of Pt atoms. An O atom at the surface can
migrate between neighboring FCC and HCP sites (in-plane
diffusion) or it can move to a subsurface site (out-of-plane
diffusion). The Pt buckling represents the reactions where a Pt
atom lifts from the surface, pushing the nearby O atoms (see
the right figure of Figure 4d). It is a concerted reaction that

Figure 5. Displacement and degree of alignment along the saddle
point search trajectories of three ARTn methods. The horizontal
dashed line represents the distance from the IS to the saddle point. In
gray-shaded areas, the ARTn methods have a negative λ.

Figure 6. Analysis of the number of force calls of three ARTn methods. (a) Distribution of force calls of ARTn methods by saddle point search
results. (b) Average number of force calls for three ARTn methods.
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accompanies the rearrangement of Pt and O atoms
simultaneously.
For a reference event table, we manually enumerate all

conceivable reactions related to the O diffusion and Pt
buckling. This results in 55, 6, and 16 reactions for O in-plane
diffusion, O out-of-plane diffusion, and Pt buckling,
respectively (see Supporting Information for details). The
ratios of identified saddle points over reference saddle points
for three categories are depicted as a cumulative histogram at
the bottom of Figure 7. Iso-ARTn successfully identifies all O
in-plane diffusion reactions in 10,000 random searches.
However, it detected 2 of 6 (33%) reactions for O out-of-
plane diffusion and 14 of 16 (88%) for Pt buckling. Note that
although Pt buckling is a collective motion, iso-ARTn
discovers most of them. The six missing reactions could be
successfully identified by setting eini as a unit vector from the
IS to FS. This implies that all reactions can be found in
principle with a sufficiently large number of trials. However, we
find that the present algorithm tends to produce the same
saddle points repeatedly. To minimize redundant searches,
future development could apply strategies such as orthogon-
alization23 where all eini are orthogonal.
3.5. KMC Simulation with Iso-ARTn. We conduct an on-

the-fly off-lattice kMC simulation for Pt-oxidation with iso-
ARTn to showcase its applicability in constructing the event
table adaptively (see Figure 8). The model system is a 4 × 4
Pt(111) slab covered with ordered 0.75 monolayers of O
adatoms, where its high coverage is set for accelerated
oxidation (see Figure 8a). The simulation adopts the Bortz−
Kalos−Lebowitz algorithm67 with a temperature of 298 K. We
use a constant attempt frequency of 1013 Hz for all reactions.
To maintain computational efficiency, event tables are
constructed by performing 100 saddle point searches with
iso-ARTn at each kMC step. For simplicity, the event table is
not recycled.68,69 Additionally, to mitigate the time-disparity
problem,70 where the system is trapped in low-lying basins, we
neglect the reaction with a barrier energy of less than 0.05 eV.
In total, 582 kMC steps are carried out and the elapsed time is
41 μs. During the kMC, the Pt(111) surface undergoes

reconstruction due to oxidation from the initial structure (see
Figure 8a−c). For comparison, in Figure 8e, we compute the
DFT energies for three configurations in the initial, the lowest,
and the last structure, after full relaxation (see empty circles).
The energy profiles from both NNP and DFT calculations are
referenced against the fully relaxed configuration shown in
Figure 8d, known as the most stable structure at 0.75
monolayers.57 The NNP and DFT energies are in reasonable
agreement for the three snapshots.
As Pt atoms form Pt−O square planar units through the Pt

buckling reaction, effectively stabilizing the repulsion between
oxygen atoms, the energy decreases up to 200 kMC steps.
After that, the energy fluctuates within thermal energy, while
the system visits various states. During the kMC simulation,
Pt−O square planar units induce the Pt buckling reaction in
the vicinity, resulting in larger units. Interestingly, we identify
the structure that is more stable by 15 meV/O atom than the
clustered Pt-buckled structure at 0.75 monolayers (see Figure
8b). Notably, this structure is discovered without any human
intervention. Despite being less ordered, more O atoms
bonding with Pt−O square planar units stabilize the system.
Consistently, similar structures featuring “spokes” or rows have
also been observed in experiments.71−73 The configurations
identified during the kMC simulation underscore the capability
of iso-ARTn to construct a reliable event table.
The off-lattice kMC simulation method combined with iso-

ARTn can be extended to various surface applications,
including catalytic reactions.74 In systems with a high degree
of freedom, particularly those involving polyatomic molecules,
iso-ARTn might be advantageous for efficiently identifying the
saddle points. Unlike traditional methods that depend on
predefined reaction pathways,75,76 our approach is reaction-
agnostic, allowing for the discovery of previously unknown
reaction pathways. However, the inclusion of molecules
introduces low-barrier motions, such as molecular rotation,
which may complicate the simulation by exacerbating time-
scale disparities or resulting in redundant searches. Addressing
these challenges will require the development of more
sophisticated techniques, which we plan to investigate in
future studies.

Figure 7. Barrier energy and trial number of reactions sampled during
10,000 random searches with iso-ARTn. The distribution of barrier
energy is shown on the right side. The identified ratios of each
reaction type are depicted on the bottom side. The red dashed line
stands for a barrier energy of 1.3 eV.

Figure 8. Results of on-the-fly off-lattice kMC simulation for Pt-
oxidation with iso-ARTn. (a) The initial, (b) the lowest, and (c) the
last structures are shown with 2 × 2 in-plane replication for a broader
view. (d) Clustered Pt-buckled structure suggested in ref 57. The
silver, navy blue, and red atoms indicate the Pt, buckled Pt, and O
atoms, respectively. (e) Energy profile of the kMC simulation.
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4. CONCLUSIONS
In this work, we introduced the iso-ARTn algorithm and the
adaptive active volume to address the challenges in previous
saddle point search methods. The NNP was trained for an
exhaustive saddle point search on Pt(111) surface with O
atoms and exhibited high accuracy compared to DFT
calculation. With its constraint on orthogonal relaxation, iso-
ARTn achieved higher success rates with fewer force calls than
previous ARTn methods. Meanwhile, the iso-ARTn finds more
variety of saddle points, defying the trade-off relation between
success rate and diversity. Additionally, despite its constraints,
iso-ARTn identifies all possible reactions below a specific
barrier energy. Furthermore, we conducted a Pt-oxidation
kMC simulation using iso-ARTn to build an event table, where
we observed structures consistent with experimental findings.
This research paves the way for more sophisticated
investigations into complex surface chemistry, significantly
accelerating the identification of TSs.
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