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4
Field Emission Theory
Seungwu Han

4.1
Fowler–Nordheim Theory

Fowler and Nordheim (FN) ﬁrst derived a semiclassical theory of ﬁeld emission
currents from cold metals in 1928 [1]. In this theory, the system is simpliﬁed as a
one-dimensional structure along the direction of the external ﬁeld. The emission
tip is modeled as a semi-inﬁnite quantum well with the work function of φ, and
the local electric ﬁeld (F) is approximated as a linear potential (Figure 4.1).
By employing the Wentzel–Kramers–Brillouin (WKB) approximation, the
following FN equation was obtained:
J = 6.2 × 10−6



µ1/2
F 2 exp −2.1 × 108 φ 3/2 /F
(φ + µ)1/2 φ 1/2

(4.1)

where J is in amperes per square centimeter of emitting surface, µ and φ are in
volts, and F in volts per centimeter. Reordering the equation gives the FN plot as
follows:
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where V is the applied bias voltage which is proportional to the local electric ﬁeld
F. The emission tip is geometrically sharp and the electric ﬁeld is intensiﬁed at the
tip end, producing a much higher local electric ﬁeld than the macroscopic applied
ﬁeld. The ratio between the local and applied electric ﬁelds (F and Ea , respectively)
is called the ﬁeld enhancement ratio (β). For the nanotubes, β typically ranges
between hundreds and thousands [2]. Since β = F/Ea , Eq. (4.2) can be rewritten as
follows:
 
2.1 × 108 φ 3/2
J

log
=
a
−
(4.3)
Ea2
βEa
The above FN equation assumes a mathematically sharp surface–vacuum interface.
In reality, the electron clouds from the metal do not terminate so sharply. In
addition, the escaping electrons feel the image potential Vim exerted by the free
electrons in the metal. In the classical expression, Vim = −e2 /4x, where x is
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F : local electric field
f

m

Figure 4.1 Schematic diagram to show the simpliﬁed
model in the Fowler–Nordheim theory. The dashed line indicates the tunneling region.

the distance from the surface. (Note that, within a few angstroms from the tip,
this formula should be modiﬁed to reﬂect the exchange-correlation effects.) The
image potential effectively adds a multiplication factor in the exponent of Eq. (4.1)
as a slowly varying function of F and can be regarded as a constant in most
applications [3].
The FN theory has been successfully applied to numerous metallic systems even
when the nonfree electrons such as d-band states are contributing to the carrier
density. This is because the nonfree-electron-like states decay much faster than
s-like free electrons because of the additional potential barrier associated with the
spatial symmetry [4].
When the radii of the emitter tips are of the order of nanometers, the geometrical
effects from the nonplanar shape should be taken into account. In [5], the image
potentials depending on the tip geometry such as hyperboloid and cone were
considered in calculating the one-dimensional tunneling currents within FN theory
and the deviation from the linear FN behavior was noted (Figure 4.2). The resulting
curve was well ﬁtted to a formula including 1/V2 in the exponent as follows:


C
B
2
(4.4)
J = AV exp − − 2
V
V

4.2
Field Emission from CNTs

From the beginning of its discovery, the carbon nanotube has been regarded as an
ideal material to make ﬁeld emitters because of its unusually high aspect ratio as well
as the mechanical and chemical stability. The semiclassical FN theory presented
in the previous section has been very successful in many systems, not only for the
planar geometry but also for small tips with the size of micrometers. As long as
the radius of curvature is much higher than the wavelength of the electrons, the
one-dimensional picture is a good approximation. However, in the nanostructures
where the size of the tip is at most several times of the electron wavelength,
such a simple scheme is not validated easily for the following reasons: First, the
boundary of the tip is not a well-deﬁned physical quantity in nanosize systems
and the potential lines obtained through solving the Poisson equation will not be
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Figure 4.2 Fowler–Nordheim plots for the (a) hyperboloidal, (b) conical, and (c) planar tips. Nonlinearity is
noticed for nonplanar geometries. The dashed line is the
result from the FN formula. (Adapted from [5].)

valid at the atomic scale. In considering the emission process, the one-dimensional
WKB approximation neglects the xy variations of the wave function as well as the
potential. For example, the additional barriers felt by d-orbitals have been addressed
in many experiments and theories [4]. The situation becomes more complicated in
the nanotip where the dimension in the xy-plane is on the nanometer scale. It is
also well known that the localized state induced by the adsorbates at the tip changes
the currents dramatically [4]. In the nanotip, such localized states become relatively
important as the number of channels for the metallic states is reduced because of
the atomistic scale of the cross-sectional area. For carbon nanotubes, the localized
states exist at the emission tip because of the topological constraint, and it was
suggested that the defects can play an important role during the ﬁeld emission
[6]. The consideration of the localized states is rather clumsy in the semiclassical
approach because they are not the current-carrying state.
Therefore, to quantitatively describe the ﬁeld emission currents from the
carbon nanotubes, a quantum mechanical approach considering the realistic
three-dimensional atomic structure is required. So far, several methods have been
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proposed to calculate the emission currents of the nanotubes. Below, we introduce
them one by one with representative results.
4.2.1
Computational Methods to Calculate the Emission Currents from Carbon Nanotubes
4.2.1.1 The Integration of Time-Dependent Schrödinger Equation
In this method [7], the tunneling process is directly simulated by monitoring the
time evolution of the wave functions. First, the ﬁrst-principles calculations are
performed on the nanotip under the electric ﬁeld and the self-consistent potential
and the wave functions are obtained. To conﬁne the electronic charge within the
emission tip during the self-consistency cycle, either a large barrier is applied
temporarily outside the tip or, a localized basis set can be employed with the
vacuum region is free of any basis. With the computed eigenstates as initial
electronic conﬁgurations, the temporal wave functions are determined by solving
the time-dependent Schrödinger equation. During the time evolution, the change
of the electronic density is ignored to a ﬁrst approximation and, therefore, the
exchange and correlation potential is ﬁxed with respect to the time. The transition
rate of each state in the model nanotube tip is then evaluated from the amount
of charge ﬂowing out of the tip per unit time. The total current is obtained by
summing up the product of the transition rate and the occupation number of
individual states (Figure 4.3).
One advantage of this approach is that it can consider the tunneling process of
both extended and localized states. (However, the extended states could be affected
by the ﬁnite size effect of the model system.) It is noted that the localized states
Ψ=Σ
a f
m m m
−E

t<0
Nanotip

Semt

Sbar

Svac

Z0
Ψ = ΣaG ei Gr
G

t>0
Nanotip
Figure 4.3 Schematic diagram to show the
simulation of the tunneling process from
nanotubes. Before t < 0, the wave functions are forced to be strictly inside the
nanotube and the self-consistent potential

under the external ﬁeld is obtained. At t > 0,
the tunneling process of the electrons is
described by integrating the time-dependent
Schrödinger equation. (Adapted from [7].)
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in the carbon nanotubes are orthogonal to the extended states and, therefore, the
usual scattering formalism cannot capture the true tunneling rate for the localized
states. It would be ideal if the contributions by the traveling states are evaluated
within the Laudauer–Bütticker formalism, while the tunneling of the localized
states is described from the resonance width or the lifetime. One such approach
was proposed in [8], but its application to nanotubes is yet to be performed.
When applied to the ﬁeld emission of capped (5,5) and (10,10) carbon nanotubes,
it was found that the emission currents from the localized states dominate the
total current [7, 9]. The simulated image on the screen was dictated by the spatial
symmetry of the localized states and displayed a pattern similar to that from the
experiment [10] (Figure 4.4).
This approach has been applied to attack a wide range of problems in carbon
nanotubes such as oxygen effects [11], BN-nanotube capping [12], double-wall
carbon nanotubes [13], doping effects [14], metal nanowires [15], and ﬁeld emission
from alkali-doped BN nanotube [16]. The method was also applied to study the ﬁeld
emission from graphene nanoribbons [17].
4.2.1.2 Transfer Matrix Method
In this method [18], the Schrödinger equation is solved using the transfer matrix
method. As shown in Figure 4.5, the whole system is divided into three regions:
Region I (z < –aN) corresponds to a perfect metal. The intermediate region
–aN < z < 0 contains N periodic repetitions of the unit cell that is not affected by
the external ﬁelds. By forcing the incident waves travel through this ﬁnite length of
the nanotube, the band structure effects can also be taken into the consideration.
Region II (0 < z < D) contains the part of the nanotube subject to the electric ﬁeld.
The potential energy in region II is calculated by employing a pseudopotential
for the ion-core potential in which the electronic density associated with the four

T = 0 fs

T = 0.72 fs

T = 1.44 fs

(a)
Figure 4.4 (a) Snapshots of the charge
distribution of emitted electrons (doubly
degenerate localized states) from the capped
(10,10) nanotube. The amplitude of the
wave function is magniﬁed 30 times in
the vacuum region for visual purpose. (b)

(b)

(c)

The current density of one of the localized
states at the last instance of (a). The electronic density and the equipotential lines are
also displayed. (c) The simulated image on
the screen. (Adapted from [9].)
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Figure 4.5 Schematic diagram depicting the transfer
matrix method to calculate the ﬁeld emission process.
(Adapted from [18].)

valence electrons of each carbon atom is represented by the sum of Gaussian
distributions. These electronic densities are displaced from the nuclear positions to
reﬂect the screening of the external ﬁeld and to produce dipole arrays. The region
III (z > D) is the ﬁeld-free vacuum.
By exploiting the cylindrical symmetry of the problem, the traveling states in
region I and III can be expressed as follows:
 



I,±
2 E−V
ψm,
2m/
=
A
J
(k
ρ)
exp(imφ)
exp
±i
z
m, j m m, j
met
j

 


III,±
2m/2 Ez
(4.5)
ψm,
j = Am, j Jm (km, j ρ) exp(imφ) exp ±i
where Am, j are normalization coefﬁcients, Jm are Bessel functions, km, j are wave
vectors satisfying Jm (km, j R) = 0, E is the electron energy, and Vmet is the potential
energy in the metal in region I. Using Eq. (4.5), the scattering solutions in region I
and III are given as follows:
 I,+
ψ +
S−+ 
ψ I,−
(z ≤ −aN)

 

 m, j m ,j (m ,j ),(m, j) m ,j
+
ψm, j =
(4.6)


S++
ψ III,−
(z ≥ D)

(m ,j ),(m, j) m ,j
m ,j

The connection between the coefﬁcients is made through the transfer matrix
formalism by dividing the system into thin slabs [19]. It is noted that this procedure
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is not self-consistent in the sense that the scattering solutions do not affect the
potential.
Using this approach, Mayer et al. compared the ﬁeld emission properties of open
and closed nanotubes in isolated or bundled conﬁgurations and found that the
open tubes outperform the closed ones in the emission currents [18]. In addition,
they also proposed a formula incorporating the number of tubes and the extraction
ﬁeld and found a deviation from the FN behavior at high electric ﬁelds. In [20], the
ﬁeld emission properties of single-wall and multiwall carbon nanotubes were also
compared.
A similar approach uses the Lippmann–Schwinger equation [21], which was
successfully applied to the ﬁeld emission from a single-atom electron source [22].
In this case, the reference system is the vacuum–metal junction and the nanotube
corresponds to the perturbation. The computational results on the (10,0) nanotube
showed an emission distribution that is highly peaked at certain energies, indicating
that those currents originate from the localized states at the tip region.
4.2.1.3 Other Quantum Mechanical Methods
Although not applied to carbon nanotubes, there have been several attempts
to go beyond the conventional FN framework. In [8], Ishida et al. proposed an
embedding Green function method which can incorporate the ﬁeld emission
current from both extended and localized states. The emission current from the
extended states was calculated by the Landauer–Büttiker formula, while that from
the localized states was estimated through the lifetime of the resonant states. In
[23], a conventional scattering approach based on density functional theory was
formulated and applied to study the ﬁeld emission from the metal represented by
the jellium model. Interestingly, the deviation from the FN plot was observed at
high ﬁelds even for the planar tip geometry. For a realistic system, the method was
applied to the ﬁeld emission from the edges of the graphite ribbon arrays [24]. On
the other hand, Ramprasad et al. introduced an approach based on the Bardeen
transfer Hamiltonian method [25]. In particular, they employed the interpolated
local density appoximation (LDA) potential to address the image charge potential.
Within this formalism, the left-hand side and the right-hand side (or cathode and
anode) are calculated separately. The tunneling rate is then calculated using the
wave function tails in the tunneling region and the Fermi golden rule.
4.2.1.4 Semiclassical Approaches
In the semiclassical approaches, the electronic structure of the nanotube tip is
calculated at the three-dimensional quantum mechanical level but the transmission
probability into the vacuum state is evaluated by WKB-style approximations. For
example, in [26], the following form was developed for calculating the emission
currents:

j(F, T) =

1
C


q

BZ


 

N Eq (k) D Eq (k), F dk

(4.7)
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where N Eq (k) is the supply function given as the product of group velocity and
the Fermi distribution function. Eq (k) is the dispersion of the nanotube given below
(the curvature effect is neglected):

√







ky a
ky a
3

2
kx a cos
+ 4 cos
(4.8)
Eq (k) = ±t 1 + 4 cos
2
2
2
where t is the hopping parameter, and k and q are quantum numbers running over
the Brillouin zone of the nanotube. D(E,F) is the tunneling probability through
the one-dimensional potential barrier of the form U(x, F) = φ − eβFx − e2 /4x and
was evaluated by WKB approximation.
This approach has revealed many interesting properties of ﬁeld emission of
the nanotube that depend on the chirality. For example, the chiral effects were
examined in [26], and it was found that the emission currents depend more on the
energy gap than on the chirality (Figure 4.6). The intrinsic energy spectrum of the
emitted electron was investigated and various subpeak features were found with
respect to the applied bias and the temperature [27]. The ﬁeld emission properties
of multiwall nanotubes were also discussed in [28]. Recently, considering the
energy band structure of the nanotube into account, an analytic expression for the
generalized FN formula was also derived for the carbon nanotubes [29].
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Figure 4.6 Current densities with respect to the diameter of
the nanotube. (Adapted from [26].)
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In the above method, the ﬁeld emission process was approximated as one
dimensional whereas the full band structure of the nanotube was considered
within the tight-binding approximation. In the semiclassical method suggested
in [30], the two-dimensional nature of the emitting surface was considered by
dividing the supercell into a ﬁne grid and calculating the emission currents along
each grid point. This method is capable of evaluating the emission currents with
spatial resolution on the plane normal to the emission direction, and therefore the
projected image on the screen can be simulated (Figure 4.7).

4.2.2
Current–Voltage Characteristics of Field Emission Currents from Carbon Nanotubes

Several experiments have reported that the ﬁeld emission currents from carbon
nanotubes do not follow the straight FN plot and are rather saturated at high electric
ﬁelds [31–34]. The nonlinear FN behavior was attributed to effects of space charge
or molecules adsorbed at the emission tip. Theoretically, various results indicate
that the nonlinear behavior could be intrinsic to the ﬁeld emission from carbon
nanotubes. In [35], the current saturation was attributed to the spatial distribution
of electric ﬁelds that is speciﬁc to the nanotube. A similar result was obtained with
more quantum mechanical treatment [36]. In [9], it was noted that the change of the
occupation numbers corresponding to the highly emitting localized states slightly
deﬂects the FN plot. On the basis of the explicit consideration of band structures
in the nanotube, Liang et al. derived an analytical formula for the ﬁeld emission
from the carbon nanotubes (Figure 4.8) [29]. They attributed the non-FN behavior
to the Dirac-electron behavior in the small-diameter, low-ﬁeld region. Although not
clariﬁed quantitatively, the ﬁeld penetration effect at the tip region may play a role
in the nonlinear FN behavior, as has been demonstrated in the hybrid quantum
mechanical approach on the realistic size of the nanotube [37].

(a)

(b)

Figure 4.7 The tunneling probability patterns for the Cs
adsorbed (a) and trapped (b) at the capped (10,10) nanotube. The external ﬁeld is 0.3 V Å−1 . (Adapted from [30].)
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Figure 4.8 The FN plots of the emission currents from
single-walled carbon nanotubes with various diameters. For
the small-radius carbon nanotube, the deviation from the
linear FN behavior is seen. (Adapted from [29].)

4.3
Concluding Remarks

Theoretically, the ﬁeld emission from carbon nanotubes is a very challenging
topic in many respects. Fundamentally, the ﬁeld emission phenomena are highly
nonequilibrium quantum mechanical processes that require the precise description
of electronic structures of the nanotubes and the exponentially decaying tail of the
tunneling electrons. As examined in this chapter, several approaches have been
proposed so far, but none of them seems to provide the complete picture of the
ﬁeld emission of carbon nanotubes. For the reﬁnement of the current methods and
further development of new methodologies, feedback from experiments is critical.
However, this has been hampered by the difﬁculties in isolating the emission
current from a single carbon nanotube with well-deﬁned geometry such as the
length, radius, and chirality. Furthermore, the various possible conﬁgurations of
pentagons that close the nanotube end will result in different current densities
even among nanotubes with the same bulk structure. Therefore, advances in
experiments to identify the emission currents from individual nanotubes will
greatly assist the development of the theory.
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