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The hybrid functional method within the HSE06 scheme is tested on various oxides such as TiO2, SrTiO3,
ZnO, SnO2, MgO, SiO2, and Al2O3. Since the canonical mixing parameter still underestimates the energy
gap, we optimize it by fitting the energy gap to the experimental value. It is found that optimized values
lie between 0.2 and 0.4 depending on the material. The structural properties are examined and the lattice
parameters calculated with the HSE06 functional are in better agreement with experiment compared to
(semi)local functional results. The relative shifts in the valence and conduction edges are provided, which
can serve as first-order corrections to the semilocal functional results on defect levels or interfacial band
offsets.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

First-principles methods based on conventional density func-
tional theory (DFT) such as the local density approximation (LDA) or
the generalized gradient approximation (GGA) have been success-
fully applied to studying various properties in a wide range of
materials. To be specific, structural parameters and atomic positions
agree with experimental values typically within 3% and mechanical
properties such as elastic constants are reproducedwithin 5% errors
in most cases. This level of accuracy is particularly impressive given
that exchange-correlation energies of electrons are greatly simpli-
fied in (semi)local functionals. However, one critical drawback in
(semi)local functionals is that the energy gap is severely under-
estimated by 30e40%. This is because DFT is based on the ground-
state formalism and the energy gap is essentially an excited-state
property. The energy-gap underestimation in the conventional DFT
limits its application in several places. For example, the position of
defect levels with respect to band edges inevitably suffer from the
error in the band-gap. In addition, Schottky barriers formed at
metaleinsulator interfaces are also underestimated.[1]

To overcome the band-gap problem in (semi)local functionals,
several methods beyond LDA or GGA have been attempted. Among
them, the GW method is the seamless extension of DFT but the
method is too expensive to be used in complex systems.[2]
Recently, hybrid functional methods are receiving increasing
All rights reserved.
attention. In these methods, the energy gap is increased by
replacing a part, typically one quarter, of GGA functionals with the
HartreeeFock (HF) style exact exchange energy formulated as
follows:

EHFx ¼ �e2

2

X
i;j

ZZ
d3rd3r0

f*
i ðrÞf*

j ðr0Þfiðr0ÞfjðrÞ
jr � r0j ; (1)

where 4i’s are the occupied wave functions and i represents
a quantum-number set comprising band and k-point indexes. Even
though the energy gaps from hybrid functional methods are usually
in good agreement with experiment, the sheer computational cost
has prohibited a wide use of the method.

Several forms of the hybrid method have been proposed to date
and they differ on how the exact exchange energy is mixed in the
energy functional. Recently, the one proposed by HeydeScuser-
iaeErnzerhof [3] has been found to give satisfactory results on
various solid state systems.[4] In this method, a screened Coulomb
potential is used in the HF energy. This is accomplished by splitting
the Coulomb operator into short-range (SR) and long-range (LR)
parts:

1
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Then, the HF exchange energy in Eq. (1) is calculated by making
use of SmðrÞ. The resulting exchange-correlation functional is given
as follows:

EHSExc ¼ aEHF;SRx ðmÞ þ ð1� aÞEPBE;SRx ðmÞ þ EPBE;LRx ðmÞ þ EPBEc ; (3)
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Table 1
Computational parameters used in the calculations. The cutoff energy (Ecut) and
k-point meshes sampled in the first Brillouin zone.

Ecut (eV) k-point mesh

Si 300 4 � 4 � 4
GaAs 250 4 � 4 � 4
TiO2 (rutile) 500 4 � 4 � 6
SrTiO3 500 4 � 4 � 4
ZnO 500 5 � 5 � 3
SnO2 550 3 � 3 � 5
Diamond 450 6 � 6 � 6
MgO 500 5 � 5 � 5
SiO2 450 3 � 3 � 3
Al2O3 (corundum) 500 4 � 4 � 4

Fig. 1. (a) The energy gaps of various materials are compared between experiment (x
coordinate) and theory (y coordinate). The experimental data are quoted from
following references: Si [9], diamond [9], GaAs [9], TiO2 [10], SrTiO3 [11], ZnO [12],
SnO2 [13], MgO [14], SiO2 [15], Al2O3 [16]. (b) The optimized mixing coefficient (aop)
obtained by fitting the energy gap to the experimental data.
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where EPBEc is the PBE functional for the correlation energy [5]. In
Eq. (3), the PBE exchange energy functionals are modified in
accordance with the screened Coulomb potential but still depends
on the electronic density and its gradient only.[3] The mixing
coefficient a in Eq. (3) is set to 1/4 which is supported by a pertur-
bation theory [6] but one can use it as a variable to fit the energy
gap. For the screening parameter m, 0.2e0.3 Å�1 is typically used
and we choose 0.2 Å�1 in the present work (so called HSE06).

Even though the hybrid functional method provides a promising
solution to remedy the energy-gap problem, it has not been tested
thoroughly against various kinds of materials. In the present work,
we apply the hybrid method on representative oxide materials and
examine closely how electronic and structural properties change
from the LDA or GGA results.

2. Computational methods and model systems

Throughout thiswork,weuseViennaAb-initioSimulationPackage
(VASP).[7] The electroneion interactions are modeled by the
projector-augmented wave (PAW) pseudopotential.[8] The energy
cutoffs and k-pointmeshes are chosen on the basis of convergence in
the total energy and stress tensor within 5 meV/atom and 5 kbar,
respectively. The selected parameter sets are enlisted in Table 1. For
model systems,we chooseTiO2 (rutile), SrTiO3 (cubic), ZnO (wurzite),
SnO2 (rutile), MgO (rocksalt), SiO2 (a-quartz), and Al2O3 (corundum),
in the order of increasing energy gaps. The energy gap and structural
properties are experimentally well established for these representa-
tive oxides. For comparison, we also calculate on diamond and
semiconductors such as Si and GaAs. The atomic positions and lattice
parameters are relaxed until atomic forces and stress tensors are
reduced to within 0.02 eV/Å and 5 kbar, respectively.

3. Results

3.1. Band-gap

First, we calculate the fundamental energy gaps of various
oxides using HSE06 functional and mark them as filled circles in
Fig. 1(a). For comparison, GGA and LDA results are also presented in
squares and triangles, respectively. The x coordinate of each point
corresponds to an experimental data [9e16] while y coordinate
represents the theoretical results. It is seen that the results from
(semi)local functionals are smaller than experimental values by
30e40%. The biggest reduction is identified for ZnO where the LDA
or GGA energy gaps are only w25% of the reference value. In
contrast, the HSE06 functional with a ¼ 0.25 significantly increases
the energy gap and the discrepancy with experiment is less than
10% on average. (The largest error is found for ZnO.) It is also noted
that energy gaps of the non-oxidematerials are in better agreement
with experiment compared to oxides.
Even though computational results with the canonical value of
a are more satisfactory than LDA or GGA results, the energy gap is
consistently underestimated for most oxides. To reduce the
discrepancy with experiment, we try to adjust a by manually
increasing or decreasing the value. The crystal structures are re-
optimizedwhenever a is changed. In Fig.1(a), the fitted energy gaps
are displayed as empty circles and the optimized mixing coefficient
aop’s are plotted in Fig.1(b). It is noted thatmostaop’s are bigger than
0.25. This is because the energy gap is underestimated in the stan-
dardHSE06 scheme,whichcanbe resolvedby increasing the relative
weight of the HF term. Note that the energy gap is overestimated in
original HF calculations. For TiO2 and SrTiO3, it is noticeable that aop
is lowered slightly to 0.194 and 0.246, respectively.

3.2. Structural properties

Next, we examine structural properties represented by lattice
parameters. The theoretical and experimental lattice parameters
are compiled in Table 2. The deviation from the experimental value
is provided in the parenthesis. To capture the general behavior, the
average error for each material is plotted in Fig. 2. It is noticeable



Table 2
Theoretical and experimental lattice parameters in Å. The experimental data are quoted from following references: Si [9], diamond [9], GaAs [17], TiO2 [18], SrTiO3 [19], ZnO
[20], SnO2 [21], MgO [22], SiO2 [23], and Al2O3 [24].

Exp. LDA GGA HSE06 (a0.25) HSE06 (aop)

Si 5.430 5.400 (�0.6%) 5.466 (0.7%) 5.430 (0.0%) 5.430 (0.0%)
GaAs 5.642 5.624 (�0.3%) 5.762 (2.1%) 5.695 (0.9%) 5.687 (0.8%)
TiO2 a: 4.593 a: 4.558(�0.8%) a: 4.650 (1.2%) a: 4.588 (�0.1%) a: 4.602 (0.2%)

c: 2.956 c: 2.926 (�1.0%) c: 2.972 (0.5%) c: 2.951 (�0.2%) c: 2.954 (�0.1%)
SrTiO3 3.905 3.863 (�1.1%) 3.945 (1.0%) 3.900 (�0.1%) 3.907 (0.1%)
ZnO a: 3.250 a: 3.201 (�1.5%) a: 3.297 (1.4%) a: 3.253 (0.1%) a: 3.242 (�0.2%)

c: 5.210 c: 5.154 (�1.1%) c: 5.289 (1.5%) c: 5.260 (1.0%) c: 5.239 (0.6%)
SnO2 a: 4.737 a: 4.732 (�0.1%) a: 4.820 (1.8%) a: 4.756 (0.4%) a: 4.738 (0.0%)

c: 3.185 c: 3.196 (0.3%) c: 3.240 (1.7%) c: 3.193 (0.3%) c: 3.183 (�0.1%)
Diamond 3.567 3.535 (�0.6%) 3.584 (0.8%) 3.545 (�0.3%) 3.544 (�0.3%)
MgO 4.190 4.157 (�0.8%) 4.242 (1.2%) 4.196 (0.1%) 4.171 (�0.5%)
SiO2 a: 4.915 a: 4.888 (�0.5%) a: 4.994 (1.6%) a: 4.930 (0.3%) a: 4.922 (0.1%)

c: 5.406 c: 5.388 (�0.3%) c: 5.489 (1.5%) c: 5.421 (0.3%) c: 5.409 (0.1%)
Al2O3 a: 4.759 a: 4.730 (�0.6%) a: 4.806 (1.0%) a: 4.755 (�0.1%) a: 4.745 (�0.3%)

c: 12.991 c: 12.912 (�0.6%) c: 13.119 (1.0%) c: 12.979 (�0.1%) c: 12.942 (�0.4%)

Fig. 2. The average errors in lattice parameters with respect to the experimental data.
When the structure is not cubic, as in TiO2, ZnO, SnO2, SiO2, and Al2O3, the average
error is calcualted as [2 � (error in a) þ (error in c)]/3.
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that LDA underestimates the lattice parameters while GGA over-
estimates them by similar amounts. Interestingly, the lattice
parameters with hybrid functional lie in between LDA and GGA
results and are in best agreement with experiment. This indicates
that adding the HF exchange interactions effectively reduces the
lattice parameters from GGA values. This would originate from the
enhanced localization of electrons which favors tight interatomic
bonding. In Fig. 2, it is also confirmed that optimizing a does not
affect the lattice parameters significantly although the lattice
parameters are slightly reduced as aop is bigger than 0.25.
3.3. Shifts in band edges

Lastly, we investigate how the valence and conduction edges
shift with respect to GGA results. To this end, it is necessary to set
the common reference energy between GGA and HSE06 calcula-
tions. In the present work, we make use of electrostatic potentials
Table 3
Shifts in conduction band minimum (CBM) and valence band maximum (VBM) of
HSE 06 results (with aop) with respect to PBE values. The unit is eV.

DCBM DVBM

Si 0.38 �0.18
GaAs 0.51 �0.11
TiO2 0.72 �0.49
SrTiO3 0.67 �0.80
ZnO 1.09 �1.51
SnO2 1.66 �1.21
Diamond 1.10 �0.30
MgO 1.73 �1.57
SiO2 1.40 �1.76
Al2O3 1.97 �1.25
contributed by electrons and ions. (The ionic potentials are repre-
sented by PAW pseudopotentials.) When averaged over the unit
cell, the reference energy is equal to zero because of the charge
neutrality condition. We note that charge densities from HSE06
calculations are almost the same as those from the PBE functional,
and this validates the use of electrostatic potentials in determining
the common reference point. In Table 3, the shifts of conduction
band minimum (DCBM) and valence band maximum (DVBM) are
enlisted. Overall, valence and conduction edges in oxides shift by
similar amounts in oxides. In contrast, the band-gap increases in
non-oxide materials are mainly driven by up-shift of conduction
bands.

The information provided in Table 3 would be useful in many
places. First, it was shown in Ref. [25] that the position of a localized
defect level is almost invariant between GGA and hybrid functional
methods when it is aligned with the common reference energy.
Therefore, the relative shifts in Table 3 can be used to correct defect
levels calculated with GGA methods. Second, Table 3 can be also
utilized in exploring band offsets in heterointerfaces formed
between metals, oxides, and semiconductors. The full-blown
hybrid functional study on heterointerfaces would be extremely
time-consumingwithinmost computational facilities at present. As
an alternative approach, one can first perform a GGA calculation
and extract band offsets from the potential line-up. Then, using the
band shifts in Table 3, the gap-corrected offset values can be
obtained. The underlying assumption here is that the interface
dipole is well described within conventional DFT. As a specific
example, if the interface is formed between a metal and an oxide,
the correct valence band offset (EcorrVBO) is given as follows:

EcorrVBO ¼ EPBEVBO þ DVBM; (4)

where EPBEVBO is the valence band offset from the PBE calculation and
DVBM is the shift in the valence band given in Table 3.
4. Conclusion

In summary, we carried out extensive calculations on various
oxides such as TiO2, SrTiO3, ZnO, SnO2, MgO, SiO2, and Al2O3 using
the HSE06 functional. Since the canonical mixing parameter still
underestimated the energy gap, we optimized it to fit the energy
gap to the experimental value. The optimized values lie between
0.2 and 0.4 depending on thematerial. The structural properties are
examined and the lattice parameters are in better agreement with
experiment compared to (semi)local functional results. The relative
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shifts in the valence and conduction edges were evaluated, which
will serve as a first-order correction to the (semi)local functional
results on defect levels or interfacial band offsets.
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