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Energetics of large carbon clusters: Crossover from fullerenes to nanotubes
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The energetics of large-sized fullerenes and carbon nanotubes is investigated through first-principles pseudo-
potential calculations for the carbon cluster of CN (60<N<540). The strain energy due to the presence of
pentagons, in addition to the curvature effect, makes an important contribution to the energetics of the
fullerenes and nanotubes and accurately describes theN dependence of the energy of the spherical fullerenes.
Our model predicts that a nanotube of;13 Å in diameter@for example, a~9,9! or ~10,10! tube# is energeti-
cally most stable among various single-walled nanotubes and fullerenes, consistent with many experimental
observations.
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Since the discovery of carbon nanotubes,1 a great deal of
progress has been made in research of carbon nanotube
their technological applications, such as nanoelectronic
vices, probing tips, electron emitters, etc. Among vario
forms of carbon nanotubes or clusters in nanoscales,
single-walled nanotube has attracted much attention bec
of its unique structural and electrical properties. Howev
the study of single-walled nanotubes has often been hind
by the lack of knowledge in the basic growth mechanism
carbon nanotubes and related clusters. Recent experimen2–7

have reported that the diameters of the single-walled car
nanotubes have a narrow distribution range around tha
the ~10,10! tube. Several models of the nanotube growth8–10

have suggested that the formations of the single-wa
nanotubes and fullerenes are initiated by graphitic bowls,
the energetics of large carbon clusters should play a cru
role. While a single-walled nanotube is frequently describ
as a rolled-up graphitic sheet, it may as well be considere
an elongated fullerene when it is capped. Since the fuller
itself is another important form of carbon cluster, the en
getics of large fullerenes in general, including the capp
nanotubes, should be useful in understanding the in
growth process of nanotubes and this diameter distributio

In an earlier work, Adams and co-workers11 showed that a
key factor in determining the energetics of large fulleren
and carbon nanotubes was the nonplanarity of the grap
sheet incurring incompleteness of thep bonding. Based on
the empirical formula derived from the computational r
sults, they concluded that the spherical fullerenes were e
getically favored over the tubelike elongated fullerenes, i
capped nanotubes. Since, however, theoretical studie
large carbon clusters demand enormous electronic struc
calculations, the fully self-consistent first-principles calcu
tions have been restricted to relatively small system size
far many calculations on the large carbon clusters were d
by classical continuum theory,12 molecular dynamics with
the three-body potential,13 or so-calledO(N) methods with
non-self-consistent Harris functional formalism.11,14,15

In this work, we have performed self-consistent fir
principles calculations to obtain fully relaxed equilibrium g
ometries and corresponding total energies of the sphe
0163-1829/2002/65~12!/121405~4!/$20.00 65 1214
for
e-
s
he
se

r,
ed
f

n
of

d
d

ial
d
as
e
-
d
al
s.

s
tic

-
r-

.,
of
re

-
o

ne

-

al

fullerenes and the capped nanotubes of CN (60<N<540).
Through the analysis of the total-energy results on
spherical fullerenes as well as capped nanotubes, we
clude that the strain energy due to the presence of pentag
in addition to the curvature energy of the graphitic she
makes an important contribution to the energetics of lar
sizedsp2 carbon clusters. We construct a model formula
the energy of capped nanotubes and fullerenes, which ta
account of both the curvature and pentagon strain contr
tions.

Aiming at the electronic structure calculations of larg
sized systems, we have developed a self-consistent fi
principles calculational method based on density-functio
formalism16 within a local-density approximation. We adop
the numerical basis set for the localized pseudoatomic or
als ~ones and threep orbitals per atom!, which is generated
through the method of Sankey and Niklewski.17 The pseudo-
potential is generated through the Troullier-Martins schem18

and its nonlocal part is converted into th
Kleinman-Bylander19 type of the fully separable form. In this
work, we used the Ceperley-Alder form of the exchang
correlation potential.20 The minimum-energy configuration i
obtained through the relaxation of the atomic force wh
includes the Pulay-like correction21 to the Hellman-Feynman
force. The detailed description of our method will be pu
lished elsewhere.22 For the comparison of our localized-bas
method with the standard plane-wave method, we calcu
cohesive energies for small-sized fullerenes and compare
results as shown in Fig. 1. We use the same geometric s
tures of fullerenes given in the literature,23,24 and set the
energies of C32 as a reference for comparison. The size d
pendence of the total energies of the fullerene is quite ac
rately reproduced with this minimal basis set, and further
relative values of the cohesive energy are in good agreem
with the results reported by other groups.23,24

To investigate the energetics of large fullerenes CN , we
carried out total-energy calculations with a full relaxation
atomic positions within a given geometry forN
560,80, . . . ,540. Among many different faceted or irregula
shapes of fullerenes, we selected spherical ones~or ‘‘icosa-
hedral’’ fullerenes! which were found to be stable.14,15 The
©2002 The American Physical Society05-1
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calculated total energies with respect to that of the infin
graphene sheet are presented in Fig. 2~b!. The energetics of
the spherical fullerene here shows somewhat different res
from the prediction of the previous work,11 which is denoted
as a dotted line in Fig. 2~b!, and stays flat in the range o
N.240. As discussed later in this paper, we describe
energetics of the spherical fullerene by noting two differe
strain sources: one from the curvature~nonplanarity! and the
other from the bond-length change of the pentagons.

In order to understand the pure curvature effect with
pentagons, we first investigate the energetics of the car
nanotubes. Figure 2~a! shows the total energy of the (n,n)
carbon nanotubes without edges, i.e., infinitely long tub
As pointed out in Ref. 11, the curvature energy in the h
agonal network of carbons can be modeled by small hyb
ization betweensp2 orbitals andpz orbitals. Since the inter-
action between two nearly parallel neighboringp orbitals is
proportional to cosfp , wherefp is the average angle be
tween two neighboringp orbitals, the curvature energy pe
atom can be described by11

e tube5e@12cosfp#. ~1!

Here the magnitude ofe may depend~very slightly! on the
chirality of tubes, while the size dependence of the energ
described by the parameterfp .11 For the (n,n) nanotubes
with largen, the anglefp is proportional to the ratio of the

FIG. 1. Comparison of the calculated cohesive energies of s
fullerenes. Filled circles are the results of the standard plane-w
method and squares are the results of the localized-basis meth

FIG. 2. Total energy of~a! the carbon nanotubes and~b! the
spherical fullerenes with respect to the infinite graphene sh
Filled circles are the total energies from the self-consistent calc
tions, and the solid lines are the fitted curves of our strain ene
model described in the text. The dotted line in~b! is the result of a
previous work~Ref. 11!.
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C-C bond lengthd over the tube radiusr, i.e.,d/r . Since the
tube indexn is proportional tor, we have the relationfp

}(1/n). Therefore, the curvature energy of the nanotube~per
atom! can be written in the form

e tube'e8S d

r D 2

5
e1

n2
. ~2!

Indeed the results of our first-principles calculations on
(n,n) tubes are extremely well fitted to this simple formu
with a parametere154.12 eV, as indicated by the solid lin
in Fig. 2~a!. The value ofe154.12 eV is very close to the
result of the previous work.11

Similarly, the curvature energy (ecf) of the spherical
fullerene~per atom! can be modeled as

ecf5e~12cosfp!'e9S d

r D 2

5
e2

N
, ~3!

wherer is the radius of the fullerene. Note that the surfa
area of the fullerene (4pr 2) is proportional to the total num
ber of atomsN. In Fig. 2~b!, it is obvious that the calculated
N dependence of the strain energy deviates significantly fr
the simple formula of Eq.~3!, implying that the curvature
effect alone is not sufficient for the description of the ene
getics of fullerenes.

Another important contribution to the total energy of th
fullerenes distinct from the curvature effect has been kno
to come from the strain in the pentagon region. The origin
such strain can be sought in the geometry of an isola
graphitic cone. A cone here is defined to be a structure wh
a pentagon is surrounded by a hexagonal network. The c
angleu of the isolated graphitic cone in Fig. 3~a! is found to
be about 26° in its equilibrium configuration, and the cor
sponding nonplanarity anglec of the pentagon25 is 8.2°.26 If
the cone angleu is forced to deviate from its equilibrium
valueuo , an extra energy which we call ‘‘pentagonal stra
energy’’ occurs. While the curvature energy arises from
orbital hybridization, the pentagonal strain energy com
from the change of the C-C bond lengths from the values
the equilibrium configuration. Through extensiveab initio
calculations, we find that the pentagonal strain energy can
modeled by assuming that the bond-length change is ef
tively confined to the five bonds forming the pentagon.
shown in the schematic illustration of Fig. 3~b!, the bond-
length change of the pentagon (d) is related to the length o

ll
ve
d.

t.
a-
y

FIG. 3. ~a! A portion of the graphitic cone structure. The con
angleu is defined to be the angle between the pentagonal plane
the C-C bond which stems from the vertex of the pentagon.~b! A
schematic illustration of the bond-length change of the penta
~thick horizontal bars! accompanied by the cone angle change.
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the cone edge~L! and the cone angle change (u2uo), which
is assumed to be small, as follows:

d52L~cosu2cosuo!}ANcone~u2uo!. ~4!

The lengthL of the cone edge is approximately proportion
to the square root of the number of atoms belonging to
cone (Ncone). Note thatL is assumed to remain the same a
only the pentagon bond length (a in the figure! changes.

Now we describe the spherical fullerene as 12 interc
nected cones through the intermediate graphitic~i.e., hexago-
nal! region. The total strain energy of 12 cones can be
pressed as

Econe5123
k8

2
Ncone~u2uo!2'123

k

2
NconeS 1

AN
2

1

AN0
D 2

,

~5!

where we assume that the fullerenes are nearly spherical
hence,u}1/r and r}AN. Our calculations indicate that th
best choice ofNconeis 20 as shown in Fig. 3~a!. This is valid
wheneverN>240, i.e., whenN exceeds the total number o
atoms participating in the 12 cones. However, ifN,240, the
size of each cone should shrink because the total numbe
atoms participating in the 12 cones cannot exceedN. Thus
we setNcone as follows,

123Ncone5H N ifN,240,

240 otherwise.
~6!

Now we construct an energy model for the spheri
fullerene as follows:

efl5
1

N
@~N260!ecf1Econe#. ~7!

Here we assume that, based on the first-principles calc
tional results with relaxations, the pentagon itself remains
a regular polygon independently of the size of the fullere
Hence we ignore the angle change between thep orbital
within the pentagon and the corresponding curvature ene
We only consider the curvature energy in the (N–60) atoms
not participating in the pentagons andEcone which reflects
the energy associated with the bond-length change of
pentagon as well as the angle change between thep orbitals
of the pentagon and that of the neighbors. The paramete
Eq. ~7! are obtained through the least-squares fit to the
culated total energies forN560, 80, 140, 240, 260, and 320
and the results arek521.9 eV, N05200, and e2
555.1 eV. To check the validity of our fit, we have calc
lated an extra point atN5540 not included in the fitting
procedure. The result forN5540 shown in Fig. 2~b! proves
the quality of our energy model. From the model, it is re
ognized that the curvature effect and the pentagonal st
effect operate in the same direction for small-sized fullere
so that the spherical fullerene becomes more stable.
larger fullerene, on the other hand, the two strain sour
compete and the relatively flat region develops beyondN
'200 in the energy curve.
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The equilibrium geometries obtained from ourab initio
calculations confirm the assumptions employed in the ene
model. As the size of the fullerene increases, the bond-len
change is the most significant in the pentagon: The penta
bond length monotonically decreases in the range 60<N
<320 ~from 1.486 Å of C60 to 1.426 Å of C320). Among
them, C140 and C240 have the value of the bond length clos
to the unstrained graphite (1.452 Å). The cone angleu of
C240 is about 26°, corresponding to the angle of the u
strained isolated cone geometry, whereas that of the C60 is
about 32° (c511.9°). These results are in good agreem
with the results of Ref. 25.

Now we are going to construct the energy model for t
single-walled (n,n) nanotubes with caps. Since most sing
walled nanotubes are closed with a fullerenelike cap,4,3 the
energy of the capped tubes is more relevant to experim
than open tubes. Here, we assume the cap of nanotubes
hemisphere of spherical fullerenes; for example, the cap
the ~5,5! tube is the hemisphere of C60, and the cap of the
~10,10! tube is that of C240. By summing up the energy
contributions from the pure tube region of (N2Ncap) atoms
and the fullerenelike cap regions ofNcap atoms, the total
energy per atom is

ecap-tube5S N2Ncap

N D e tube1S Ncap

N D efl . ~8!

This expression agrees with independent total-energy ca
lations for three capped tube geometries@one ~5,5! tube and
two ~10,10! tubes#, as shown in Fig. 4. Contrary to the pre
diction of the previous work,11 the energy curve of the
~10,10! nanotube stays below that of the fullerene. This fa
indicates that the~10,10! nanotube is not only more stabl
than the fullerenes, but it is more stable than smaller or e
larger nanotubes as well.27 Since the total energy of the
same-diameter tube is insensitive to the chirality in kno
cases,11 the capped nanotubes with the same diameter
different chirality should be as stable as the~10,10! nanotube
when they are well matched with the cap without significa
bond distortions. Thus, for example, the~18,0! nanotube
capped with a hemisphere of C240, which keeps the sixfold

FIG. 4. TheN dependence of the energy for the capped (n,n)
nanotubes@dashed line for~5,5!, dash-dotted line for~10,10!, and
dotted line for~15,15! tubes# in comparison with spherical fullere
nes~solid line!. The triangle, squares, and circles correspond to
total energies from our self-consistent calculations for the~5,5!
tube, fullerenes (N560 andN5320), and the~10,10! tubes, respec-
tively.
5-3
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rotational symmetry, can be as stable as the~10,10! nano-
tube. Our energy model suggests that the decisive facto
the diameter distribution of the single-walled nanotube is
energetics of the cap~or graphitic bowl! at the initial stage of
the formation. For instance, if we consider a graphitic bo
of a few hundred of carbon atoms (N;320), the total energy
of the ~10,10! tubelike elongated fullerene is lower than i
isomeric spherical fullerene by about 1 Ry.

In summary, we have presented the energetics of
spherical fullerenes and nanotubes as obtained from f
self-consistent first-principles calculations on large carb
clusters CN (60<N<540), and constructed the fitting mod
for them. While the energetics of the long nanotubes can
well described in terms of the curvature effect, understand
of the spherical fullerenes or the cap of the nanotubes
quires an additional term, namely, the pentagonal strain
tributed to the change of the C-C bond lengths in the pen
u
a

m

h

.A
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gon. TheN dependence of energy in our model explains
retardation of the rate of the energy decrease in the rang
N>240@Fig. 2~b!# for the case of spherical fullerenes, whic
is the consequence of the competition between the curva
effect and the pentagonal strain effect. Our prediction t
the capped~10,10! carbon nanotube is more stable th
fullerenes or other~smaller- or larger-diameter! nanotubes is
consistent with experimental observations.2–7
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